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Stability Analysis of a Nonlinear 
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The Griffith and stability criteria for the blister test have been derived from thermo- 
dynamic arguments. The Griffith criterion includes the stored energy in the blister as 
well as the interfacial energy change associated with debonding. Based on these criteria 
an analysis is given of a blister test with a neo-Hookian overlayer debonding from a 
rigid substrate. A closed analytic form for the strain energy release rate, G, is obtained 
valid for large elastic deformation of a thin circular film. The criteria derived indicate 
that quasi-static debonding of the blister is always stable, independent of the interfacial 
energies and the extent of blister deformation. 

Keywords: Griffith and stability criteria; blister test; neo-Hookian; strain energy release 
rate 

INTRODUCTION 

The blister test has been developed to measure the adhesion strength 
between a deformable adhesive film and a rigid substrate. The test 
specimen typically consists of a thin flexible film layer on a perforated, 
rigid substrate. A fluid is injected at the film/substrate interface 
through the perforation, thereby causing a progressive debonding of 
the blistered overlayer film. The fracture energy can be obtained from 
the geometry and pressure of the blister. 

Adhesion energy measurement by the blister test was first discussed 
by Dannenberg in 1961 [l]. Since then, it has been developed by 
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270 S.-H. PAEK AND C. J.  DURNING 

Williams and co-workers [2 - 81 and other researchers [9 - 141, and 
modified for a variety of special applications [15- 17. Gent and 
Lewandowski [9] analyzed the blister test for a thin film on a rigid 
substrate, regarding the adhesive overlayer film as a linear elastic 
membrane and recognizing only the tensile rigidity of the film. 
According to their analysis, which uses an energy criterion for fracture 
in terms of a fixed characteristic work per unit area to separate the 
interface, two important relations are obtained. After the debonding 
begins, the product of the pressure, P ,  and the blister height, h, is 
proportional to the fracture energy, G,, (considered a constant), 

Secondly, the product of the pressure and the blister radius, a, is a 
constant including G,, 

P - u  = (17.4EdG:)’’4 (2) 

where E and d are Young’s modulus and thickness of the overlayer 
film, respectively. 

On the basis of these two relationships, Chu and Durning [18] 
analyzed the blister test carried out at a constant volumetric flow rate 
of the injection fluid. A definite relationship for the time dependence of 
the debonding pressure, P ,  was obtained; P-3 vaires linearly with time, 
t, after debon&ng begins. With the slope of this linear relation, G, can 
be calculated from 

G, = 0.39 ( R 2 / N 2  Ed)’” (3) 

where R is the constant flow rate of fluid injection and N is the slope of 
the P-3 versus t relation. Since Eq. (3) is independent of the geometry 
of the blister which is usually difficult to measure, G, can be simply 
determined by only measuring the pressure with time after debonding 
begins. 

While the analyses mentioned were shown to describe well debond- 
ing behavior during the blister test in several systems, they do not 
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ANALYSIS OF NONLINEAR BLISTER TEST 27 1 

say anything about the possibility of intermittent or  unstable 
debonding processes. The criterion for the stability can be expressed 
in terms of quantities common in fracture mechanics such as the strain 
energy release rate, G, or the stress intensity factor, K [19-211. The 
sign of the derivative of G or K with respect to debonded area or crack 
length determines the stability. This approach enables one to 
anticipate certain general aspects of debonding dynamics. Another 
limitation in prior analysis of the blister test is that all the previously- 
mentioned works are restricted to linear mechanics of the blister, the 
results of which can only be used for the cases of small deflections with 
a small debonding angle a t  the crack tip. The linear analysis cannot 
give an adequate understanding of the blister test on nonlinear 
materials such as elastomers or/and undcr large elastic deformations. 
Although few works have discussed nonlinear blister tests [23 - 251, 
none treat the stability of such a system. 

In this work we analyze a nonlinear blister test, using thermo- 
dynamic and mechanical ideas. We first derive the Griffith and stability 
criteria for the blister test on the basis of thermodynamics, along the 
lines of the treatment of the “JKR” adhesion test discussed by Maugis 
[22]. We then derive the strain energy release rate, G, of a nonlinear 
elastic blister system. Based on the stability criterion and the G derived, 
we discuss the stability of a quasi-static nonlinear blister test. 

THE GRIFFJTH AND STABILITY CRITERIA 
FOR BLISTER TEST 

Consider the system made of a thin film partially debonded from a 
rigid substrate and inflated by injected fluid (Fig. 1). The state of the 
system is defined by the blister volume, V,  equal to the amount of fluid 
injected, the debonded area, A ,  allowed to vary independent of 
volume, and the temperature, T .  Alternatively, we can replace T by 
the entropy, S. Then the total energy of the system, U, is a function of 
S,  V ,  and A:  U = U (S ,  V, A ) ,  and the first differential of U can be 
written in the form, 
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FIGURE 1 Inflation of circular thin film to spherical cap. 

with 

The first two are the usual source of heat and work for reversible 
changes. U ,  is the stored elastic energy in the blister and Us is the 
interfacial energy, expressed by 

where YSF, ysL, and YFL are interfacial energies between substrate and 
overlayer film, substrate and liquid, and the film and liquid, 
respectively, and A. and As  are the total substrate area and the 
internal surface area of the blister cap, respectively. Assuming a 
spherical cap, AB = r ( a 2  + A*) and V = r ( 3 a 2  + h 2 )  h/6 where a and 
h are the radius and height of the blister, respectively. Actually, the 
volume of a blister is related to its radius and height through a volume 
parameter k: V r  ka2h. Since the variation in k during the propagation 
after debonding appears to be not large [12], we assume that k remains 
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ANALYSIS OF NONLINEAR BLISTER TEST 213 

constant throughout debonding processes. Then, Eq. ( 6 )  is reduced to 

us = WSFL A +  SF &I + ~ F L  7r3  v 2 / k 2  A 2  (7) 

where WSFL = ysL + YFL - YSF. The strain energy release rate, G, is 
defined by 

Therefore, Eq. (4) becomes 

For a reversible and isothermal transformation, the free energy change 
of the system, F, is 

dF=dU-d( TS) = -PdV+ ( W S F L  - 2 7 ~ ~ " ~  V2/k2A3  - G)dA. ( 10) 

From (dF/dA)v = 0, equilibrium at constant volume is given by 

G = WSFL - 2 7 ~ ~  7r v 2 / k  2 ~ 3  = WSFL - 2YFL h ' / a  '. ( 1 1 ) 

This equilibrium relation is the Griffith criterion for the blister test. At 
equilibrium G corresponds to the "true" adhesion energy. Interest- 
ingly, the Griffith criterion is comprised of the blister geometry as well 
as the intrinsic interfacial energy, i.e., the thermodynamic energy of 
adhesion. If G # wSFL - 2 - y F ~  T V 2Jk ' A  3, the debonded area will 
spontaneously change in order to decrease the thermodynamic 
potential. At constant volume, if G < WSFL - 2YFL 7r 3V 2 /k  2 A 3 ,  the 
debonded area must decrease to give dF < 0, i.e., the blister radius 
reduces. Conversely, if G > WSFL - 2yFLn3V /k A , A must increase 
and thereby the blister increases. 

The equilibrium given by Eq. (1 1) can be stable, unstable, or 
metastable. A thermodynamic system under a given constraint is 
stable if the corresponding thermodynamic potential is minimum, that 
is, if its second derivative is positive. Thus, the stability of the system is 
defined by 

2 2 3  
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274 S.-H. PAEK AND C. J. DURNING 

at constant volume. F A A ,  v also contains the term related to the blister 
geometry. 

STABILITY OF A NONLINEAR BLISTER TEST 

The pressure inside a blister, P, can be expressed in terms of 
independent extensive parameters: P = P (S ,  V, A ) .  For large deflec- 
tions, the nonlinearity of the system should be considered. Adopting a 
neo-Hookian constitutive relation for the nonlinearity, from the 
calculations on the large spherical inflation of a circular thin film by 
Adkins and Rivlin [26] and Hart-Smith and Crisp [27], the pressure, P, 
within a spherical blister (Fig. 1) is 

(A - 1p2 
P = 8Cld aX [ I -$]  

where C1 and d are a material constant and the thickness of the film 
before inflation, respectively. X is the extension ratio of the film 
occurring at the blister pole, expressed as 

resulting in 

P = 8Cld ka2 [l - ( k 2 a 6  )6 ] .  (15) 
k 2 a 6 +  V 2  k 2 a 6 - t  V2 

Assuming the blister being in equilibrium during debonding i.e., a 
quasi-static debonding process, and a constant k,  and considering a as 
an independent variable equivalent to A ,  the stored elastic energy 
during inflation is obtained as 

U E =  J P d V =  8 C l d  ka2v  [ l -  ( k 2 a 6  > I d V .  
a=constant J k 2 a 6 +  V2 k 2 a 6  + V2 
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ANALYSIS OF NONLINEAR BLISTER TEST 215 

Letting (k 2a 6)/(k a + V2)  = q, we have 

= 4 C l d k a 2 [ l (  k 2 a 6  ) 6 - l n ( k 2 a 6 + V 2 )  k 2 a 6  -;] (18) 
6 k2a6  + V 2  

k 2 A 3  6 k 2  A 3  
7T ( k 2 ~ 3  + T 3  1/2 ) - In ( k A + T V 2 )  - i] . 

(19) 

From Eqs. (8) and (19), the strain energy release rate, G, and its first 
derivative with respect to debonded area at constant volume are 
derived as 

G = - ( Z )  V 

k 2  A 3  
k 2  A 3  + 7r3 V 2  

=- “ldk [In( 

+-( 6 k 2 A 3  + 7 r 3  V 2  ) {’ - ( k 2  

7T 

Y 2 ) 6 } ]  
1 k 2 A 3  + 1 9 7 ~ ~  V 2  

and 

- 3  
12C1 d k 3 r 2  A 2 V 2  k2A3 + r 3 V 2  (g ) = (k2A3 + 7 ~ 3  V2)2 [ k2A3 

(21) 

k 2 A 3  +7r3V2 
+ (3 - k2A3 + 19a3V2) ( 

k 2A3 

respectively. If a and h are divided by the characteristic length, a, 
(the dimension of the substrate), that is, ii = a/a,  and h= (Alas).  
(T 3/2/k), then the dimensionless debonded area and volume are 
A=nSi2=  A/a:and V = k i i ’ h = 7 ~ ~ / ~  V/(ka:).Then,fromEqs.(ll) 
and (20), the equilibrium condition of the nonlinear system in the 
dimensionless form is given, with YFL = ~ ~ ~ / ( 2 C l d k / z )  and WSFL = 
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1 P2 A3 

A ( A 3  + V J  (22)  
-WSFL - -3 . TFL = In 2 

1 A3+19P2  +:( j 3 + V 2  ) { l -  

The material constant C, is typically in the range of 1 x lo5 - 3 x 
105N/m2 for rubbers [28] and k for a blister ranges from 4 2  to 2n/3 
for h 5 a. Assuming W S F L  and YFL in the range of 0 - 80 mN/m and d of 
lO-80pm, WSFL and yFL have values between 0 and 0.08. The 
numerical solution of V 2 / A  satisfying Eq. (22)  with various values of 
WSFL and YFL is shown in Figure 2. v2/A 3 ( =  h 2 / a 2 )  increases with 
WSFL and is relatively insensitive to YFL. WSFL increases when W S F L  

increases or C, and d decrease. This feature indicates that a more 
elastic material, a thinner film, or large intrinsic interfacial energy 
produces a bulgier blister, i.e., large hja. 
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FIGURE 2 V 2 / d  satisfying equilibrium condition for various values of ESFL and ̂ IFL. 
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ANALYSIS OF NONLINEAR BLISTER TEST 217 

Eqs. (12) and (21) lead to the dimensionless stability condition of the 
nonlinear system derived as 

For any value of v2/i i3(= h’/a’) satisfying Eq. (22),fAA,v is always 
positive regardless of WSFL and YFL in the above range, as shown in 
Figure 3. This result is not surprising because f ( h 2 / a 2 )  is negative for 
0 < h 2/a ’ 5 2 .  as shown in Figure 4. Therefore, the nonlinear blister 
test system in quasi-static debonding processes is always stable at 
constant volume, and one should not see intermittent or unstable 
debonding processes. 

There are few studies on nonlinear blister tests in the literature [23 - 
251; several analytic or numerical solutions for the energy release rate 
and debonding criteria have been discussed. Hohlfelder et al. [12] 
mentioned the possibility of unstable blister growth due to low 
stiffness of the test system. But none have analyzed the stability of 
debonding in a nonlinear blister system. The present approach, based 
upon assumed quasi-static debonding at constant volume, leads to a 
simple closed-form analysis of this problem. Further, the analytic 
solution can be applied to a linear elastic blister. Our calculation 
shows that debonding in a linear blister system, which corresponds to 
the case with small deflections, i.e., h ’/a’<< 1 ,  is also stable under the 
same assumptions. 
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CONCLUSIONS 

We derived the Griffith and stability criteria for the blister test on the 
basis of a thermodynamic approach. The criteria are functions of 
blister geometry as well as interfacial energies. An analysis of a 
nonlinear blister test is discussed connecting thermodynamic energy 
and fracture mechanics. For a nonlinear spherical blister of neo- 
Hookian material the strain energy release rate, G, is obtained valid 
for large elastic deformation of a thin circular film. The criteria derived 
indicate stability of quasi-static debonding of a nonlinear elastic film 
so that one should not see intermittent or unstable debonding 
processes in such a system. 

References 

[I] Dannenberg, H., J.  Appl. Polym. Sci. 5, 125 (1961). 
[2] Williams, M. L., J .  Appl. Polym. Sci. 13, 29 (1969). 
[3] Williams, M. L., J .  Appl. Polym. Sci. 14, 1121 (1970). 
[4] Williams, M. L., J .  Appl. Polym. Sci. 3, 1 (1972). 
[5] Williams, M. L., J .  Appl. Polym. Sci. 5, 81 (1973). 
[6] Williams, M. L., J .  Appl. Polym. Sci. 9, 145 (1978). 
[7] Anderson, A. P., Devries, K. L. and Williams, M. L., J.  CON. Inrerf. Sci. 47, 600 

(1 974). 
[8] Burtons, J. D., Jones, W. B. and Williams, M. L., Trans. SOL. Rheol. 15, 39 (1970). 
[9] Gent, A. N. and Lewandowski, L. H., J .  Appl. Polym. Sci. 33, 1567 (1987). 

[lo] Andrews, E. H. and Stevenson, A., J .  Muter. Sci. 13, 1680 (1978). 
[ I l l  Updike, D. P., Inr. J .  Fract. 12, 815 (1976). 
[12] Hohlfelder, R. J., Vlassak, J. J., Nix, W. D., Luo, H. and Chidsey, C. E. D., Muter. 

Res. SOL. Symp. Proc. 356, 585 (1995). 
[I31 Briscoe, B. J.  and Panesar, S. S., Proc. Roy. SOL. Lond. A433, 23 (1991). 
[14] Liechti, K. M., Exp. Mech. 25, 225 (1985). 
[15] Napolitano, M. J., Chudnovsky, A. and Moet, A., Proc. ACS. Div. Polym. Mater. 

Sci. Eng. 57, 755 (1987). 
[16] Allen, M. G. and Senturia, S. D., J .  Adhesion 25, 303 (1988). 
[I71 Dillard, D. A. and Bao, Y., J. Adhesion 33, 253 (1991). 
[IS] Chu, Y. Z. and Durning, C. J., J .  Appl. Polym. Sci. 45, 1151 (1992). 
[19] Rice, J. R., Fracture: An Advanced Treatise, Vol. 2, Liebowitz, H., Ed. (Academic 

Press, New York, 1968), pp. 191-311. 
[20] Huet, C., Ind. Minerale 3, 128 (1973). 
[21] Maugis, D. and Barquin, M., J .  Phys. D: Appl. Phys. 11, 1989 (1978). 
[22] Maugis, D., J .  Marer. Sci. 20, 304 (1985). 
[23] Chang, W. V. and Peng, S. H., I n f .  J .  Fract. 53, 77 (1992). 
[24] Jensen, H.  M., Eng. Fracr. Mech. 40, 475 (1991). 
(251 Storakers, B. and Anderson, B., J .  Mech. Phys. Solids 36, 689 (1988). 
[26] Adkins, J. E. and Rivlin, R. S., Phil. Trans. A244. 505 (1952). 
[27] Hart-Smith, L. J .  and Crisp. J. D. C. ,  Int. J .  Engng. Sci. 5,  1 (1967). 
[28] van Krevelen, D. W., Properties of Polymers, 2nd ed. (Elsevier Scientific, 

Amsterdam. 1976). p. 280. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
4
0
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1


